
 

Definition 7.11 Gamma function
For so define
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Remark 7.8

This improper integral converges as

i t e te for all too
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as things txt e t o

one can write

1 x It e tdt It e tdt e ft e tdt

I dt Its dt
t tot
to dF I dF
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see Ex 7.11 see Ex 7.10



Prop 7.17

We have T Cut 1 n for all ne N and

X T x TG ti for all x c Rso

Proofi
Partial integration gives
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Remark 7.9
The function T Rao R interpolates the

factorial which is only defined for natural
numbers This does not show the uniqueness
of the Gamma function yet For this we

need the following
Definition 7.12

Let ICIR be an interval A positio function
F I IR o is called logarithmic convex

if the function log F I IR is convex

F is logarithmically convex if and
only if tf x yet and 0 24

Flax Italy E FGTFG
Proposition 7.18

The function T Rso R is logarithmically
convex omit the proof here

Note prop 7.18 shows that T is continuous
an IR o as it is a convex function
on an open interval



Proposition 7.19
Yet F R o Rso be a function with the

following properties
i F l I

ii FIX 1 x FK t x C Rso
Iii F is logarithmically convex

Then FCx TG V x e IR o

Proof
As the Gamma function has properties it iii
it suffices to prove that any function F
with properties it iii is unique
ii FCxth FG7xCxti fan l

for all so and all ne N n I

In particular Anti n F ne IN

it suffices to show uniquenes for
0 ex a 1

As ht x I x n t x nti it follows from
iii that
Ffxth E F n FChti E Fcn FCuYnECnD n



From htt x ht x t l x ht Hx it follows
n F htt E F ht FCut Hx Effie frtxY

Combining the two inequalities one obtains
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FCx7 lim n i n

yn A
i x th 1

thus F is uniquely determined I
Proposition 7 20
For all 0 ex we have
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Proof
As Linz n

I the claim follows farocxal
from the form C obtained in thepreviousproof



Furthermore

TG That 1 x TGI figs n

Gti 6th
lim n n't
n as

y y i Gtu 1

lim n n't
n as y Ytl fkn 1 4th

I

corollary 7 2

For all x so we have

xeHII it E e
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where y is the Euler Mascheroni constant

Proof
From Prop 7.20 it follows
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As kings IeFy xeogN r one obtains
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Example 7.14

i we show as an application of car 7.2 that
TC's Ft
Proof
we can represent TCI in two differentways
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Multiplication gives
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where in the last step we used Wallis
product representation for it Altogether iTasty



Using cut E THE Tht Itt
we can obtain from this all values

of Theta for all n

x TG X
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From
fingxT fingTG117 1717 1

it follows that TG behaves asymptotically
as far x o



ii
e d Ft

Proof
The substitution t's dx It Hdt gives

e Mdx Iz t the tdt

thus the limit e o R as gives
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Proposition 7.21 Stirling
The factorial has the asymptotic form

ni E E
where by asymptotic we mean here

Eyes L It is not suggested

a required here that the two sequences

converge only their ratio converges



Proof
we define a function 4 42 R as follows

4k E Ix G x for x Eloi
46th i 4G for all ne Z

and X E fo I

From the trapeze law Prop 7.15 we obtain
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log

summation over K l u l gives
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As µg dx n log n ut l it follows
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where
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Exponentiating both sides we obtain ean

ht h T e
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As 4 is bounded and ftp.dx cos

1
the limit
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exists and therefore also the limit
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We have
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and kiss Ey CE c In order to compute
c we use Wallis product representation
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Note Cerra estimate
12th Z L n EV2TT E e m


